In this paper we have studied the flow and heat transfer in a viscous fluid by a horizontal sheet. The stretching rate and temperature of the sheet vary with 
Introduction
The flow and heat transfer in a viscous fluid over a stretching surface is a relevant problem in many industrial and engineering processes. Examples are manufacture and drawing of plastics and rubber sheets, polymer extrusion, wire drawing, glass-fiber and paper production, crystal growing, continuous casting, 5 and so on. Cooling of stretching surface requires dedicated control of the temperature and consequently knowledge of flow and heat transfer in a viscous fluid. Sakiadis [1] , [2] , studied the boundary layer flow over a continuous solid surface moving with constant speed. Crane [3] analyzed the stretching problem having in view the fluid flow over a linearly stretching surface. Tsou et al [4] 10 studied constant surface velocity and temperature. Gupta and Gupta [5] and Maneschy et al [6] extended the Crane' work to the stretching problem with a constant surface temperature including suction or blowing and to fluids exhibiting a non-Newtonian behavior, respectively. Grubka and Bobba [7] studied the stretching problem for a surface moving with a linear velocity and with 15 a variable surface temperature. Wang [8] introduced a similarity transformation to reduce time-dependent momentum equation to a third-order nonlinear differential equation. He analyzed the hydrodynamic behavior of a finite fluid body driven by an unsteady stretching surface. The same problem was considered by Usha and Rukamani [9] for the axisymmetric case. Anderson et al [10] 20 analyzed the accompanying heat transfer in the liquid film driven by unsteady stretching surface. Ali [11] and Magyari et al [12] considered permeable surfaces and different surface temperature distributions. Vajravelu [13] studied the flow and heat transfer in a viscous fluid over a planar nonlinear stretching sheet.
Magyari and Keller [14] applied the Merkin transformation method to the heat 25 transfer problems of steady boundary layer flows induced by stretching surfaces.
Elbashbeshy and Bazid [15] studied similarity solution of the laminar boundary layer equations corresponding to an unsteady stretching surface. Dandapat et al [16] assumed that the stretching surface is stretched impulsively from rest and the effect of inertia of the liquid is considered. The unsteady heat and fluid flow 30 has been investigated by Ali and Magyari [17] . Liu and Anderson [18] explored the thermal characteristics of a viscous film on an unsteady stretching surface.
Chen [19] analyzed the problem of MHD mixed convective flow and heat transfer of an electrically conducting, power-low fluid past a stretching surface in the presence of heat generation/absortion and thermal radiation. Dandapat et al [20] studied a thin viscous liquid film flow over a stretching sheet under different non-linear stretching velocities in presence of uniform transverse magnetic field. Cortell [21] presented momentum and heat transfer for the flow induced in a quiscent fluid by a permeable non-linear stretching sheet with a prescribed power-low temperature distribution.
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Analytical solutions to nonlinear differential equations play an important role in the study of flow and heat transfer of different types fluids, but it is difficult to find these solutions in the presence of strong nonlinearity. A few approaches have been proposed to find and develop approximate solutions of nonlinear differential equations. Perturbation methods have been applied to 45 determine approximate solutions to weakly nonlinear problems [22] . But the use of perturbation theory in many problems is invalid for parameters beyond a certain specified range. Other procedures have been proposed such as the Adomian decomposition method [23] , some linearization methods [24] , [25] , various modified Lindstedt-Poincare methods [26] , variational iteration method 50 [27] , optimal homotopy perturbation method [28] , optimal homotopy asymptotic method [29] - [33] .
In the present work we propose an accurate approach to nonlinear differential equations of the flow and heat transfer in a viscous fluid, using an analytical technique, namely optimal homotopy asymptotic method. Our procedure, 55 which does not imply the presence of a small or large parameter in the equation or into the boundary/initial conditions, is based on the construction and determination of the linear operators and of the auxiliary functions, combined with a convenient way to optimally control the convergence of the solution. The efficiency of the proposed procedure is proves while an accurate solution is ex- 
Equations of motion
Consider an unsteady, two dimensional flow on a continuous stretching sur-face, with the governing time-dependent equations for the continuity, momentum and thermal energy [8] , [10] , [15] , [17] , [18] :
where u and v are velocity components in the x and y directions, respectively, T is the temperature and k is the thermal conductivity of the incompressible fluid. The appropriate boundary conditions are:
where u 0 , T 0 , T ∞ , γ are positive constants, c and n are arbitrary and l is a reference length.
If Re = of the problems (2) and (3) is simplified by introducing the following similarity transformation:
T 0 being a reference temperature. In this way Eqs. (6) can be written in the form:
where prime denotes differentiation with respect to η.
Substituting Eqs. (7), (8), (9), (10) and (11) into Eqs. (2) and (3), we obtain
Here Λ = γl u0 is dimensionless measure of the unsteadiness. The dimensional boundary conditions (4) and (5) become
such that for the dimensionless functions f and θ, the boundary/initial conditions become
In addition to the boundary conditions (17) and (18), the requirements
must also satisfied [17] .
Basic ideas of optimal homotopy asymptotic method
Eqs. (12) (or (13)) with boundary conditions (17) (or (18)) can be written in a more general form:
where N is a given nonlinear differential operator depending on the unknown function Φ(η), subject to the initial/boundary conditions:
It is clear that Φ(η) = f (η) or Φ(η) = θ(η).
Let Φ 0 (η) be an initial approximation of Φ(η) and L an arbitrary linear operator such as
We remark that this operator L is not unique.
If p ∈ [0, 1] denotes an embedding parameter and F is a function, then we propose to construct a homotopy [29] - [33] :
with the following two properties:
where H(η, C i ) = 0, is an arbitrary auxiliary convergence-control function depending on variable η and on a number of arbitrary parameters C 1 , C 2 , ..., C m which ensure the convergence of the approximate solution.
Let us consider the function F in the form
By substituting Eq. (26) into equation obtained by means of the homotopy
and equating the coefficients of like powers of p, we obtain the governing equa- (26) is convergent at p = 1, one has:
But in particular we consider only the first-order approximate solution
and the homotopy (23) in the form
Equating only the coefficients of p 0 and p 1 into Eq. (30), we obtain the governing equation of Φ 0 (η) given by Eq. (22) and the governing equation of
It should be emphasize that Φ 0 (η) and Φ 1 (η, C i ) are governed by the lin-120 ear Eqs. (22) and (31), respectively with boundary conditions that come from the original problem, which can be easily solved. The convergence of the approximate solution (29) depends upon the auxiliary convergence-control function H(η, C i ). There are many possibilities to choose the function H(η, C i ).
Basically, the shape of H(η, C i ) must follow the terms appearing in the Eq.
125
(31). Therefore, we try to choose H(η, C i ) so that in Eq. (31), the product
Eq. (29) into Eq. (20), it results the following residual
At this moment, the first-order approximate solution given by Eq. (29) depends on the parameters C 1 , C 2 , ..., C m and these parameters can be optimally 130 identified via various methods, such as the least square method, the Galerkin method, the Kantorowich method, the collocation method or by minimizing the square residual error:
where a and b are two values depending on the given problem. The unknown parameters C 1 , C 2 , ..., C m can be identified from the conditions:
With these parameters known (namely convergence-control parameters), the first-order approximate solution (29) is well-determined.
Application of OHAM to flow and heat transfer
We use the basic ideas of the OHAM by considering Eq. (12) with the boundary conditions given by Eq. (17) . We can choose the linear operator in the form:
where K > 0 is an unknown parameter at this moment.
We mention that the linear operator is not unique. Also, we have freedom to choose:
Eq. (22) becomes
which has the following solution
The nonlinear operator N f Φ(η) is obtained from Eq. (12):
such that substituting Eq. (36) into Eq. (37), we obtain
where
Heaving in view that in Eq. (38) appears an exponential function and that the auxiliary function H f (η, C i ) must follow the terms appearing in Eq. (38), then we can choose the function H f (η, C i ) in the following forms:
or
or yet
and so on, where C 1 , C 2 , ... are unknown parameters at this moment.
If we choose only the expression (40) for H f (η, C i ), then by using Eqs. (38), (40) and (31), we can obtain the equation in Φ 1 (η, C i ):
The solution of Eq. (43) can be found as
The first-order approximate solution (29) for Eqs. (12) and (17) is obtained from Eqs. (36) and (45):
In what follows, we consider Eqs. (13) and (18) . In this case, we choose the 160 linear operator in the form
where the parameter K is defined in Eq. (35).
Eq. (22) becomes
Eq. (48) has the solution
The nonlinear operator N θ ϕ(η) is obtained from Eq. (12):
Substituting Eq. (49) into Eq. (50), we obtain
The auxiliary function H θ (η, C i ) can be choose in the forms:
and so on, where C 7 , C 8 , ... are unknown parameters.
If we choose the Eq. (53) for H θ , then from Eqs. (51), (53) and (31) we obtain the equation in ϕ 1 (η, C i ) as
Solving Eq. (56), we obtain
In this way, the first-order approximate solution (29) for Eqs. (13) and (18) becomes
Numerical examples
In order to prove the accuracy of the obtained results, we will determine the convergence-control parameters K and C i which appear in Eqs. 
In Tables 1 and 2 we present a comparison between the first-order approximate solutions given by Eqs. 
In Table 3 we present a comparison between the first-order approximate solutions given by Eq. (62) with numerical results and corresponding relative errors. In Tables 4 and 5 we present a comparison between the first-order approximate solutions given by Eqs. (63) and (64) respectively, with numerical results and corresponding relative errors. 
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In Table 6 we compare between the first-order approximate solutions given by Eq. (65) with numerical results. The corresponding relative errors are also (66) 
In Tables 7 and 8 we present a comparison between the first-order approximate solutions given by Eqs. (66) and (67) respectively, with numerical results and corresponding relative errors. 
In Table 9 we present a comparison between the first-order approximate solutions given by Eqs. (68) with numerical results. The corresponding relative errors are presented. ...... OHAM solution It is worth mentioning that the proposed method is straightforward, concise and can be applied to other nonlinear problems. 
